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Coherent helicity amplitude for sequential decays
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We present a derivation of coherent helicity amplitudes for a particle decaying into multifinal
states with nonzero spins. The results show that the coherent amplitudes introduce additional
rotations to transform the helicities into a consistent helicity system, which allows us to add helicity
amplitudes for different decay chains coherently. These rotations may have significant effects on the
interference between the decay chains in the partial wave analysis.
PACS numbers: 13.25.-k, 13.60.Le, 13.75.Lb, 14.40.-n
I. INTRODUCTION
The amplitude for a particle decaying into final
states with nonzero spins can be formalized in differ-
ent descriptions, such as the covariant description [1],
the projection operators of arbitrary spin [2], and the
helicity formalism originally developed by Jacob and
Wick [3]. The structure of helicity formalism can be
decomposed into the angular distribution and kine-
matic dependence part. This feature facilitates the
determination of the parent particle properties, e.g.,
spin and parity quantum numbers in experiment, by
analyzing the angular distribution of daughter parti-
cle. The relationships of the helicity formalism to the
covariant and operator formalism were developed in
Refs. [4–6].
The helicity amplitude for a sequential decay can
be formalized by multiplying the amplitude of each
decay chain together in a straightforward way [6, 7].
Then the partial decay rate is calculated by taking
the sum of the helicity amplitude squared over the
helicities of final states and taking the average over the
parent particle spin. However, if there are multidecay
chains into the same final states, their helicities may
be defined in the different helicity system. This makes
the helicities inconsistent when taking the sum of the
decay chain amplitudes to calculate the partial decay
rate. Such an issue of coherent helicity amplitude has
been addressed in recent analyses [8, 9].
The purpose of this paper is to present a deriva-
tion of coherent helicity amplitude for sequential de-
cays. The idea is to relate the matrix element of the
decay amplitude defined in the helicity basis to that
defined in the canonical basis. This allows one to add
the amplitude for different decay chains coherently.
The coherent helicity amplitude should give the same
decay rate as that calculated with the canonical ba-
sis. This requirement automatically introduces an ad-
ditional rotation to transform the helicities into the
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same reference.
We start the discussion with two-body decays in
Sec. II. Although the results in this section are well
known, it is convenient to review them for use in later
sections and to establish our notations. In Sec. III,
we demonstrate how to construct the coherent helic-
ity amplitude for two different decay chains in three-
body decays. Two examples in three-body decays are
shown in Sec. IV. For a specific decay, the helicity
amplitude can be further reduced with the conserva-
tion requirements, such as the parity conservation for
strong and electromagnetic decays, or the identical
particle symmetry, and can be related to the covari-
ant helicity-coupling amplitudes as discussed in Refs.
[4–6].
II. TWO-BODY DECAY
Considering a particle with spin J decaying into
two-body final states with spin and helicity defined
in Table I, states of angular momentum J may be
constructed in the center-of-mass (CM) system of the
parent particle as [3–6]
|JMλ1λ2〉 = a
∫
dΩDJ∗M,λ1−λ2(φ, θ, 0)|φθλ1λ2〉, (1)
where a is a normalization constant, Ω(θ, φ) is the
solid angle of final states, |φθλ1λ2〉 is the two-particle
state in the helicity basis, defined as
|θφλ1λ2〉 = aU [R(Ω)]{U [Lz(p)]|s1λ1〉
× U [L−z(p)]|s2 − λ2〉}, (2)
where R(Ω) denotes a rotation which carries the z axis
into the direction of momentum p, and L±z(p) is the
boost along the ±z axis, U [...] denotes operator. The
2Tab. I: Variables defined for the two-body decay J → s1+
s2.
Parent Daughter 1 Daughter 2
Spin J s1 s2
Spin z projection M m1 m2
Helicity — λ1 λ2
Momentum 0 p −p
helicity states are related to the canonical states by
|θφλ1λ2〉 = aU [L(p)]U [R(Ω)]|s1λ1〉
× U [L(−p)]U [R(Ω)]|s2 − λ2〉
=
∑
m1m2
Ds1m1,λ1(φ, θ, 0)
× Ds2m2,−λ2(φ, θ, 0)|θφm1m2〉. (3)
Using above equations, the element to project he-
licity states onto canonical states reads
〈θφm1m2|JMλ1λ2〉 = aDJ∗M,λ1−λ2(φ, θ, 0)
× Ds1m1,λ1(φ, θ, 0)Ds2m2,−λ2(φ, θ, 0).
(4)
The matrix element of amplitude for the two-body de-
cay defined in canonical basis is related to that defined
in the helicity basis by
AJc (θ, φ;m1,m2) = 〈θφm1m2|M|JM〉
=
∑
λ1,λ2
〈θφm1m2|JMλ1λ2〉〈JMλ1λ2|M|JM〉
= a
∑
λ1λ2
DJ∗M,λ1−λ2(φ, θ, 0)D
s1
m1,λ1
(φ, θ, 0)
× Ds2m2,−λ2(φ, θ, 0)F Jλ1,λ2 , (5)
where F Jλ1,λ2 = 〈JMλ1λ2|M|JM〉 is helicity ampli-
tude. Due to the orthogonality of Wigner-D function,
the decay rate dΓ is proportional to
dΓ ∝
∑
M¯m1m2
|AJc (θ, φ;m1,m2)|2dΩ
= a2
∑
M¯λ1λ2
DJ∗M,λ1−λ2(φ, θ, 0)D
J
M,λ1−λ2(φ, θ, 0)
× |F Jλ1,λ2 |2dΩ. (6)
This equation indicates that the decay rate is calcu-
lated in the helicity basis by taking the helicity am-
plitude as
AJh(θ, φ, λ1, λ2) = aDJ∗M,λ1−λ2(φ, θ, 0)F Jλ1,λ2 . (7)
III. SEQUENTIAL DECAY
We take a three-body decay, J → s2 + s3 + s4, as
an example to illustrate how to calculate the helicity
amplitude for sequential decays. The solid angles for
each decay are defined in the rest frame of the par-
ent particle. Considering two different decay chains I:
J → s1 + s2, s1 → s3 + s4 as shown in Fig. 1, and
II: J → s0 + s3, s0 → s2 + s4, the solid angles and
kinematic variables are defined in Tables II and III.
z
y
y
′
z
′
s1
s2
s3
s4
Fig. 1: The orientation of the coordinate systems associ-
ated with the sequential decay J → s1 + s2, s1 → s3 + s4.
A. Amplitude for single decay chain
Let us consider the first decay chain I, where the
amplitude in the canonical state, AaI , can be expressed
with the helicity amplitude as
AaI (θ1, φ1;M,m1,m2) =
∑
λ1,λ2
Ds1m1,λ1(φ1, θ1, 0)
× Ds2m2,−λ2(φ1, θ1, 0)DJ∗M,λ1−λ2(φ1, θ1, 0)F Jλ1,λ2 . (8)
The amplitude for the second decay is
AbI (θ2, φ2;m1,m3,m4) =
∑
λ3,λ4
Ds3m3,λ3(φ2, θ2, 0)
× Ds4m4,−λ4(φ2, θ2, 0)Ds1∗m1,λ3−λ4(φ2, θ2, 0)F s1λ2,λ2 . (9)
The rotation Ds1∗m1,λ3−λ4(φ2, θ2, 0) carries the z axis
into the direction of s3 momentum, and we decompose
it into two successive rotations. We first rotate the z
axis into the direction of s1 in its parent CM system,
and then rotate into the direction of s3 momentum at
the s1 CM system by the helicity angle Ω¯2(θ¯2, φ¯2). It
follows the multiplication rule
Ds1∗m1,λ3−λ4(φ2, θ2, 0) =
∑
δ
Ds1∗m1,δ(φ1, θ1, 0)
× Ds1∗δ,λ3−λ4(φ¯2, θ¯2, 0). (10)
The amplitude in the canonical state for the sequen-
tial decay is
3Tab. II: Variables defined for the decay chain I, J → s1 + s2, with s1 → s3 + s4.
First decay Second decay
Parent Daughter 1 Daughter 2 Parent Daughter 1 Daughter 2
Spin J s1 s2 s1 s3 s4
Spin z projection M m1 m2 m1 m3 m4
Helicity — λ1 λ2 λ1, λ
′
1 λ3 λ4
Helicity amplitude F Jλ1,λ2 F
s1
λ3,λ4
Solid angle Ω1(θ1, φ1) Ω2(θ2, φ2)
AI(θ1, θ2, φ1, φ2; J,M,m2,m3,m4)
=
∑
m1
AaI (θ1, φ1;M,m1,m2)AbI (θ2, φ2;m1,m3,m4)
=
∑
λ1,λ2,λ3,λ4
Ds2m2,−λ2(φ1, θ1, 0)D
s3
m3,λ3
(φ2, θ2, 0)
× Ds4m4,−λ4(φ2, θ2, 0)DJ∗M,λ1−λ2(φ1, θ1, 0)
× Ds1∗λ1,λ3−λ4(φ¯2, θ¯2, 0)F Jλ1,λ2F s1λ3,λ4 . (11)
The orthogonality relation,
∑
m1
Ds1m1,λ1(φ, θ1, 0)D
s1∗
m1,δ
(φ, θ1, 0) = δλ1,δ,
is used in the above equation. The decay rate for the
sequential decay is proportional to
dΓ ∝
∑
M¯,m2,m3
m4, λ1, λ
′
1
λ2, λ3, λ4
|AI(θ1, θ2, φ1, φ2; J,M,m2,m3,m4)|2
=
∑
M¯, λ1, λ
′
1
λ2, λ3, λ4
DJ∗M,λ1−λ2(φ1, θ1, 0)D
J
M,λ′
1
−λ2
(φ1, θ1, 0)
× Ds1∗λ1,λ3−λ4(φ¯2, θ¯2, 0)Ds1λ′1,λ3−λ4(φ¯2, θ¯2, 0)
× F J∗λ′
1
,λ2
F Jλ1,λ2 |F s1λ3,λ4 |2dΩ1dΩ¯2, (12)
where we replace the λ1 helicity projection with λ
′
1 for
resonance s1 in the A∗I (...) amplitude, and its Breit-
Wigner function is not included for simplicity.
The above equation indicates that the decay rate
calculated in the canonical states is equal to that cal-
culated in the helicity states, if the helicity amplitude
is taken as
HI(θ1, θ¯2, φ1, φ¯2;M,λ2, λ3, λ4)
= a
∑
λ1
DJ∗M,λ1−λ2(φ, θ1, 0)D
s1∗
λ1,λ3−λ4
(φ¯2, θ¯2, 0)
× F Jλ1,λ2F s1λ3,λ4 , (13)
where a is a normalization factor.
B. Coherent amplitudes for double decay chains
The amplitude in the canonical states for the decay
chain II is
AII(θ1, θ2, φ1, φ2; J,M,m2,m3,m4)
=
∑
λ0,λ2,λ3,λ4
Ds2m2,λ2(φ
2, θ2, 0)Ds3m3,−λ3(φ
1, θ1, 0)
× Ds4m4,−λ4(φ2, θ2, 0)DJ∗M,λ0−λ3(φ1, θ1, 0)
× Ds0∗λ0,λ2−λ4(φ¯2, θ¯2, 0)F Jλ0,λ3F
s0
λ2,λ4 , (14)
where Ω¯2(θ¯2, φ¯2) are the helicity angles, by which we
rotate the z axis of s0 helicity frame into the direc-
tion of s2 momentum defined in their mother parti-
cle rest frames. The total amplitude is obtained by
adding the two chains coherently. To express it in
the canonical basis with solid angles (θ1, θ2, φ1, φ2),
we split the spin rotations in chain II into two suc-
cessive rotations. First, we rotate the z axis of spin
si into the direction of momentum defined in chain I,
with solid angles θ1/θ2 , and then rotate it into the di-
rection of the momenta defined in chain II, by θ12/θ
2
1,2
with these relations
Ds3m3,−λ3(φ
1, θ1, 0) =
∑
k3
Ds3m3,k3(φ2, θ2, 0)D
s3
k3,−λ3
(0, θ12, 0),
Ds2m2,λ2(φ
2, θ2, 0) =
∑
k2
Ds2m2,k2(φ1, θ1, 0)D
s2
k2,λ2
(0, θ21, 0),
Ds4m4,−λ4(φ
2, θ2, 0) =
∑
k4
Ds4m4,k4(φ2, θ2, 0)D
s4
k4,−λ4
(0, θ22, 0).
(15)
In the above equations, no azimuthal rotations are
needed to align the si helicities in two decay chains,
since the decay planes are the same.
The decay rate corresponding to the total amplitude
reads
dΓ ∝ dΩ1dΩ¯2
∑
M¯,m2,m3,m4
|AI(...)|2 + |AII(...)|2
+ AI(...)A∗II(...) +A∗I (...)AII(...), (16)
where (...) denotes (θ1, θ2, φ1, φ2;M,m2,m3,m4), and
Eq. (15) has been used to make a replacement in
the amplitude AII. Calculation of interference terms
is straightforward. Using the orthogonal relations of
4Tab. III: Variables defined for the decay chain II, J → s0 + s3, with s0 → s2 + s4.
First decay Second decay
Parent Daughter 1 Daughter 2 Parent Daughter 1 Daughter 2
Spin J s0 s3 s0 s2 s4
Spin z projection M m0 m3 m1 m2 m4
Helicity — λ0 λ
3 λ0λ
′
0 λ
2 λ4
Helicity amplitude F Jλ0,λ3 F
s0
λ2,λ4
Solid angle Ω1(θ1, φ1) Ω2(θ2, φ2)
D-functions and summing over the spin projections
m2,m3, and m4, one has
∑
M¯,m2,m3,m4
AI(...)A∗II(...)
=
∑
λ1,λ2,λ3,λ4
DJ∗M,λ1−λ2(φ, θ1, 0)D
s1∗
λ1,λ3−λ4
(φ¯2, θ¯2, 0)
× F Jλ1,λ2F s1λ3,λ4

 ∑
λ0,λ2,λ3,λ4
DJM,λ0−λ3(φ
1, θ1, 0)
× Ds0λ0,λ2−λ4(φ¯
2, θ¯2, 0)F Jλ0,λ3F
s0
λ2,λ4d
s2
λ2,λ2
(θ21)
× ds3λ3,−λ3(θ
1
2)d
s4
λ4,−λ4
(θ22) ] , (17)
where the rotations, ds2λ2,λ2(θ
2
1), d
s3
λ3,−λ3
(θ12) and
ds4λ4,−λ4(θ
2
2), transform the helicities λ
2, λ3 and λ4 de-
fined in chain II, into those defined in chain I, respec-
tively. However, these rotations are canceled in the
calculation of the term
∑
M¯,m2,m3,m4
|AII(...)|2 due
to the orthogonal relations of the Wigner-d function.
Hence, the coherent amplitude in helicity bases for the
two chains is taken as
H(M,λ2, λ3, λ4)
= a BW (M1)
∑
λ1
DJ∗M,λ1−λ2(φ1, θ1, 0)
× Ds1∗λ1,λ3−λ4(φ¯2, θ¯2, 0)F Jλ1,λ2F s1λ3,λ4
+ b BW (M0)
∑
λ0,λ2,λ3,λ4
DJ∗M,λ0−λ3(φ
1, θ1, 0)
× Ds0∗λ0,λ2−λ4(φ¯2, θ¯2, 0)F Jλ0,λ2F
s0
λ2,λ4
× ds2λ2,λ2(θ
2
1)d
s3
λ3,−λ3
(θ12)d
s4
λ4,−λ4
(θ22), (18)
where a and b are coupling constants, BW (M0) and
BW (M1) are the Breit-Wigner functions for reso-
nances s0 and s1, respectively. To coherently add the
third decay chain to the amplitude, e.g., J → s4 + s5
with s5 → s2+s3, the generation of the above formula
is straightforward by multiplying its helicity sequen-
tial decay amplitude with the rotations to transform
the helicities defined in this chain to those defined in
chain I.
IV. ILLUSTRATIVE EXAMPLES
Here we give two examples to illustrate the princi-
ple to construct the helicity amplitudes with coherent
interference effects. We confine ourselves to the case
of three-body decays with two pseudoscalar mesons in
the final states.
A. e+e− → γ∗ → pi+pi−J/ψ
The charmoniumlike state, Zc(3900)
±, was ob-
served for the first time by the BESIII Collaboration
in the process e+e− → pi+pi−J/ψ, and confirmed by
the Belle and CLEO Collaborations [10–12]. We con-
sider two kinds of decays in this process,
I : e+e− → γ∗ → f0(980)J/ψ(λ1) (φ1, θ1)
with f0(980)→ pi+pi−,
II : e+e− → γ∗ → pi±Zc(3900)∓(λ2) (φ2, θ2)
with Zc(3900)
± → pi±J/ψ(λ3) (φ3, θ3).
Here λi(i = 1, 2, 3) are the helicity values for the cor-
responding particles, and θi and φi are the polar and
azimuthal angles defined in the helicity reference for
each decay, respectively. We assume the spin and par-
ity of Zc(3900) to be 1
+. The coherent helicity am-
plitude reads
H = a BW (f0,mpi+pi−)D1∗M,λ1(φ1, θ1, 0)F
γ∗→J/ψf0
λ1,0
+ b BW (Z±c ,mpi∓J/ψ)
∑
λ2,λ3
D1∗M,λ2(φ2, θ2)
× D1∗λ2,λ3(φ3, θ3, 0)d1λ3,λ1(θ31)F γ
∗→Zcpi
λ2,0
F
Zc→J/ψpi
λ3,0
,
(19)
where M = ±1 is the z projection of γ∗ spin, a and
b are coupling constants, θ31 is the angle between the
momenta of J/ψ in the e+e− CM system and Z±c rest
frame, BW denotes Breit-Wigner function, F s are the
helicity amplitudes and are reduced by relating them
5to the LS coupling amplitudes as [4–6]
F
γ∗→J/ψf0
−1,0 = F
γ∗→J/ψf0
1,0 =
ga0,1√
3
+
ga2,1r
2
a√
6
,
F
γ∗→J/ψf0
0 0 =
γas g
a
0,1√
3
−
√
2
3
γas g
a
2,1r
2
a√
6
F γ
∗→Zcpi
−1,0 = F
γ∗→Zcpi
1,0 =
gb0,1√
3
+
gb2,1r
2
b√
6
,
F
γ∗→J/ψf0
0 0 =
γbsg
b
0,1√
3
−
√
2
3
γbsg
b
2,1r
2
b√
6
F
Zc→J/ψpi
−1,0 = F
Zc→J/ψpi
1,0 =
gc0,1√
3
+
gc2,1r
2
√
6
,
F
γ∗→J/ψf0
0 0 =
γcsg
c
0,1√
3
−
√
2
3
γcsg
c
2,1r
2
c√
6
. (20)
where gil,S(i = a, b, c) are coupling constants, ri(i =
a, b, c) is the magnitude of breakup momentum of the
two-body decays. γis(i = a, b, c) is the ratio of J/ψ
energy to its mass in the decay. In these decays, parity
conserves the helicity amplitudes.
B. Λ+c → pK
−pi+
The Λ+c has a sizable branching fraction (5.0±1.3)%
decaying into the pK−pi+ final states. Amplitude
analysis is desirable to extract the resonance contri-
butions to this decay, such as K¯∗(892)0, ∆(1232)++,
excited Λ and Σ states. We consider three types of
decay like
I : Λ+c → p(λ1)K¯∗(892)0(λ2) (φ1, θ1),
K¯∗(892)0 → K−pi+ (φ2, θ2);
II : Λ+c → ∆(1232)++(λ3)K− (φ3, θ3),
∆(1232)++ → p(λ4)pi+ (φ4, θ4);
III : Λ+c → Λ(1520)(λ5)pi+ (φ5, θ5),
Λ(1520)→ p(λ6)K− (φ6, θ6), (21)
where λi(i = 1, ..., 6) are helicity values for corre-
sponding particles, and θi and φi are the polar and
azimuthal angles defined in the helicity reference sys-
tem for each decay. For the decay I, the helicity am-
plitude reads
HI ∝ BW (K∗,mK−pi+)
∑
λ2
D
1
2
∗
M,λ1−λ2
(φ1, θ1, 0)
× D1∗λ2,0(φ2, θ2, 0)F
Λ
+
c→pK
∗
λ1,λ2
FK
∗→Kpi
0,0 , (22)
where M is the z projection of Λ+c and F s are the
helicity amplitudes.
For the decay II, the helicity amplitude reads
HII ∝ BW (∆++,mppi+)
∑
λ3,λ′4
D
1
2
∗
M,λ3
(φ3, θ3)
× D
3
2
∗
λ3,λ′4
(φ4, θ4)F
Λ
+
c →∆K
λ3,0
F∆→ppiλ′
4
,0 d
1
2
λ′
4
,λ1
(θ41),
(23)
where θ41 is the angle between the momenta of proton
in ∆++ and Λ+c rest frames.
For the decay III, the helicity amplitude reads
HIII ∝ BW (Λ,mpK−)
∑
λ5,λ′6
D
1
2
∗
M,λ5
(φ5, θ5, 0)
× D
1
2
∗
λ5,λ′6
(φ6, θ6, 0)d
1
2
λ′
6
,λ1
(θ61)
× FΛ+c →Λpi+λ5,0 F
Λ→pK−
λ′
6
,0 , (24)
where θ61 is the angle between the momenta of proton
calculated in Λ and Λ+c rest frames.
The coherent helicity amplitude is taken as
H = c1HI + c2HII + c3HIII, (25)
where c1, c2, and c3 are coupling constants.
The helicity amplitudes of F ’s functions are reduced
by relating them to the LS coupling amplitudes as
F
Λ
+
c →pK
∗
1
2
,1
= −FΛ+c →pK∗
− 1
2
,−1
=
Wg0, 1
2√
3
−
g1, 3
2
r
√
6
+
g1, 1
2
r
√
3
−
Wg2, 3
2
r2
√
6
,
FK
∗→Kpi
0,0 = rg0,1,
F
Λ
+
c →∆K
1
2
,0
=
r2Wγ∆g2, 3
2√
2
−
rγ∆g1, 3
2√
2
,
F
Λ
+
c →∆K
− 1
2
,0
= −
1.5r2W (γ2∆ + 1)g2, 32
3
√
2
−
1.5r(γ2∆ + 1)g1, 32
3
√
2
,
F∆→ppi1
2
,0
= −F∆→ppi
− 1
2
,0
= −
r2Wg2, 1
2√
2
,
F
Λ
+
c →Λpi
+
1
2
,0
=
g0, 1
2√
2
−
rWg1, 1
2√
2
,
F
Λ
+
c →Λpi
+
− 1
2
,0
=
γΛg0, 1
2√
2
+
rWγΛg1, 1
2√
2
,
FΛ→pK
−
1
2
,0
=
g0, 1
2√
2
,
FΛ→pK
−
1
2
,0
=
γpg0, 1
2√
2
, (26)
where gLS is the coupling constant, γx is the ratio of
energy to mass of the x particle in the decay, and r
is the magnitude of breakup momentum for the two-
body decay. In the Λ+c decays, the parity doesn’t con-
serve; therefor all possible waves of orbital momentum
are included. For K∗, ∆, and Λ(1520) decays, the
parity conserves the amplitudes.
V. CONCLUSION AND DISCUSSION
The method of helicity amplitude is widely used in
the partial wave analysis. From the viewpoint of the
experiment side, a few resonances are introduced to
6model the production of final states. The helicities of
final states are defined along the direction of outgoing
particle in the rest frame of their mother particle sys-
tem. If there are different decay chains involved, this
makes the sum of the amplitudes inconsistent since
the helicity of the same particle may have different
definitions. One has to introduce an additional rota-
tion to transform the helicity into the same reference.
We present a deviation of coherent helicity amplitude
for the three-body decays. The principle can be gen-
eralized to other cases, e.g., four-body decays.
If the amplitudes for multichain decays are con-
structed in the canonical basis, the spins of particles
involved are defined in the same reference. This allows
one to add them coherently. We borrow this idea in
our derivation by relating the amplitude defined in the
helicity base to that defined in the canonical basis. In
the examples of three-body decays, we show that the
helicity amplitudes need additional rotations to allow
them to add coherently [see Eq. (18)]. These rota-
tions may have significant impact on the interference
between the different decay chains.
Two examples are shown to construct the coherent
helicity amplitudes for the case of three-body decays.
For practical purposes, the formulas are further re-
duced by using the covariant helicity-coupling ampli-
tudes. It is important to note that these additional
rotations are unneeded if the intermediate states are
introduced with the same decay sequence topology.
Since the intermediate states are reconstructed with
the same final states, their helicities are defined in the
same reference.
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